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Abstract
Results of a computer search for unitals in the known projective planes of order 16 are
reported. Unitals are found in all planes. Thirty-eight non-isomorphic unitals are listed explicitly
together with various statistics of the corresponding unital 2-(65,5,1) designs. ? 2000 Elsevier
Science B.V. All rights reserved.
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1. Introduction
We assume familiarity with the basics of combinatorial designs (cf. e.g. [4]).
A unital in a projective plane of order n= q2 is a set U of q3 + 1 points that meets
every line in either one or q + 1 points. A classical example is the hermitian unital
H (q) dened by the absolute points of a unitary polarity in the desarguesian plane of
order q2; PG(2; q2). If U is a unital in a plane , the lines that meet U in one point
form a unital in the dual plane T . The points of U together with the line intersections
of size q+1 form a 2-(q3+1; q+1; 1) design, called a unital design associated with U .
More generally, any 2-(q3 + 1; q+ 1; 1) design is sometimes called a unital design, or
a unital, regardless whether it is associated with any plane or not.
Unital designs for q = 3, namely, 2-(28,4,1) designs, were studied by Brouwer [2]
in connection with their embedding in projective planes of order 9. All unitals in the
projective planes of order 9 were enumerated by Penttila and Royle [14]. Some recent
studies of unital 2-(28,4,1) designs are [10,12].
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A unital is an example of a set in a projective plane that has two intersection
numbers with the lines. A hyperoval in a plane of even order n is a set of n+2 points
that meets every line in either 0 or 2 points. All hyperovals in the known planes of
order 16 were enumerated recently by Penttila et al. [15]. One of the most surprising
ndings in [15] is that there are planes of order 16 without any hyperovals.
In this note, the results of a computer search for unitals in planes of order 16 are
reported. Our search was restricted to unitals that are invariant under some group of
autorphisms of the underlying plane. Groups of order at least 4 were considered, and
the search was not exhaustive. A computer program for computing the automorphism
group of a graph developed by the rst author, and some programs for nding cliques
in graphs, developed by the second author, were our main tools. Unitals were found
in all known planes of order 16. Thirty-eight explicit solutions are listed in Table 2,
where the points are labeled in accordance with the tables of planes in [16]. 1
The corresponding 38 2-(65,5,1) designs are pairwise non-isomorphic, as seen by
the data in Table 1.
Together with the two cyclic designs quoted in [11], these bring the number of known
non-isomorphic 2-(65,5,1) designs up to 40, and the number of resolvable 2-(65,5,1)
designs up to 15.
2. Unitals and designs
Table 2 contains 38 unitals, where the points of the planes are labeled by 0; 1; : : : ; 272
in accordance with the tables of the known planes of order 16 as given by Royle [16].
The names of the planes are in accordance with [15,16].
Some of the unitals we found were previosly known. The two unitals in PG(2; 16)
are easily identied as the Hermitian unital and the Buekenhout{Metz unital [3,13,1,8].
Note that according to the enumeration by Ebert [8], there is exactly one non-classical
Buekenhout{Metz unital in PG(2; 16). Similarly, the four unitals No. 1, 2, 3, 4 in the
Hall plane are the Gruning unital [9], the hyperbolic Buekenhout unital [3], the Dover
unital [7], and the parabolic Buekehnout unital [3]. The authors wish to thank Gary
Ebert for his help in identifying these unitals by their groups.
Table 1 contains some statistics of the related 2-(65,5,1) designs, such as the order of
the automorphism group |Aut U |, the rank of the incidence matrix modulo 5, rank5U ,
and the rank of the adjacency matrix modulo 5, rank5G, of the block graph G, where
two blocks are adjacent if they are not disjoint. In case these three invariants do not
distinguish some design, the total number of 4-cliques in the block graph is also listed.
The last column contains information about the resolvability of the design. Fifteen
designs are resolvable.
1 The authors wish to thank Gordon Royle for making the tables of lines and other data about the known
planes of order 16 available at [16].
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Table 1
Unital designs in planes of order 16
Plane Unital No. jAut U j rank5 U rank5 G 4-cliques Resolvable
PG(2; 16) 1 249600 52 39 Yes
2 768 64 63 Yes
SEMI2 1 192 64 63 Yes
2 64 64 63 258172 Yes
3 48 64 63 No
SEMI4 1 8 64 63 Yes
HALL 1 1200 54 43 Yes
2 100 58 51 No
3 48 63 61 258952 No
4 32 64 63 255220 Yes
LMRH 1 32 64 63 258732 Yes
JOWK 1 48 63 61 258988 No
2 24 63 61 257980 No
3 8 63 61 259000 No
4 4 64 63 258392 No
DSFP 1 24 63 61 259060 No
2 12 63 61 No
DEMP 1 24 64 63 No
2 16 64 63 258940 No
BBH1 1 32 64 63 258524 Yes
2 16 62 59 Yes
3 8 63 61 258808 No
BBH2 1 80 59 53 No
2 32 64 63 257812 Yes
3 20 60 55 No
4 16 63 61 258304 No
5 8 61 57 No
6 4 63 61 256700 No
JOHN 1 48 63 61 258892 No
2 32 64 63 257964 Yes
3 24 63 61 258292 No
4 16 63 61 258528 No
5 8 63 61 258184 No
BBS4 1 8 63 61 258796 No
MATH 1 128 64 63 Yes
2 64 64 63 258204 Yes
3 32 64 63 257052 Yes
4 16 64 63 258620 No
Remark 2.1. The solution PG(2; 16):1 in Table 2 is isomorphic to the hermitian unital
H (4).
Remark 2.2. The two 2-(65,5,1) designs mentioned in [11] are cyclic designs [5,6]
with full automorphism groups of order 780 and 260, respectively. Therefore, these
cyclic designs are not isomorphic to any of the designs derived from the unitals in
Table 2.
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Table 2
Unitals in planes of order 16
Solution Unital
PG(2; 16):1 0 1 4 9 14 20 21 23 27 37 45 46 48
49 54 59 64 67 68 70 74 83 87 95 96 98
102 110 111 114 115 117 121 136 137 139 143 146 148
152 160 166 167 169 173 177 179 184 189 193 197 202
207 210 218 219 221 225 228 233 238 247 248 250 254
PG(2; 16):2 0 18 26 27 31 40 43 45 48 55 57 63 64
67 70 73 79 81 83 88 91 97 99 108 109 113
118 124 128 129 130 135 140 150 151 156 157 161 166
168 171 183 185 189 191 194 200 206 207 211 215 220
224 226 229 233 235 242 244 248 249 259 262 269 272
SEMI2:1 1 6 10 14 16 23 24 27 32 39 40 43 48
55 56 59 66 73 76 79 83 84 85 93 97 102
106 110 114 121 124 127 130 137 140 143 146 153 156
159 160 167 168 171 177 182 186 190 192 199 200 203
209 214 218 222 225 230 234 238 242 249 252 255 272
SEMI2:2 2 5 12 13 19 20 25 31 34 37 44 45 51
52 57 63 64 65 71 78 80 81 87 94 102 104
106 107 114 117 124 125 131 132 137 143 147 148 153
159 160 161 167 174 178 181 188 189 192 193 199 206
210 213 220 221 227 228 233 239 240 241 247 254 272
SEMI2:3 1 6 10 14 16 27 28 31 32 43 44 47 55
56 58 62 64 75 76 79 83 84 85 93 106 108
110 111 113 114 118 121 130 135 136 137 145 146 150
153 160 167 168 171 183 184 186 190 192 193 198 203
209 210 214 217 231 232 234 238 242 249 252 255 272
SEMI4:1 0 4 7 8 9 16 20 23 24 25 38 43 45
46 47 48 52 55 56 57 65 66 67 69 76 86
91 93 94 95 102 107 109 110 111 113 114 115 117
124 138 144 148 151 152 153 170 182 187 189 190 191
202 218 225 226 227 229 236 241 242 243 245 252 256
HALL:1 2 5 6 11 24 26 28 29 34 41 42 46 52
55 62 63 65 71 74 75 84 85 89 92 102 103
105 109 113 114 116 120 131 132 134 138 163 165 167
168 184 185 187 191 194 195 205 207 211 219 220 222
225 230 236 239 241 245 253 254 256 257 259 265 272
HALL:2 2 6 7 8 15 16 21 23 25 30 32 36 38
41 47 48 51 58 61 62 69 83 84 88 89 94
99 112 116 119 120 122 134 149 150 152 153 154 164
165 170 171 174 191 206 209 212 213 214 215 224 227
232 236 239 243 247 249 250 255 262 266 267 269 271
HALL:3 8 10 12 13 20 23 30 31 37 40 41 47 50
53 54 59 65 68 69 77 82 87 89 93 100 105
107 108 113 118 119 124 131 139 141 142 162 163 172
175 182 185 186 190 195 197 199 202 211 212 214 216
225 226 232 238 241 250 251 255 256 257 259 265 272
HALL:4 0 1 3 9 20 23 30 31 40 42 44 45 56
58 60 61 68 71 78 79 84 87 94 95 100 103
110 111 116 119 126 127 136 138 140 141 146 149 150
155 168 170 172 173 184 186 188 189 194 197 198 203
210 213 214 219 226 229 230 235 242 245 246 251 272
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LMRH:1 0 2 5 11 14 17 18 21 22 23 37 39 40
42 43 48 50 52 56 60 64 65 70 78 79 82
86 88 90 94 110 123 132 134 135 136 143 145 149
154 157 159 164 170 171 174 175 183 193 194 195 196
202 208 213 216 217 223 230 240 241 244 247 251 257
JOWK:1 14 19 20 21 23 27 33 35 37 40 43 54 64
66 70 75 77 80 84 93 94 95 99 101 104 106
107 112 114 118 119 125 130 146 150 157 158 159 164
165 167 168 171 176 181 189 190 191 192 194 198 206
207 223 227 228 231 232 233 243 244 247 248 252 258
JOWK:2 1 3 7 9 13 17 19 25 26 28 34 49 51
53 57 61 64 66 70 72 76 80 88 90 94 95
110 112 113 114 118 120 131 132 138 140 141 146 150
152 158 159 160 162 166 174 175 176 184 185 190 191
193 201 202 204 205 211 218 219 220 221 239 246 261
JOWK:3 1 3 7 15 20 21 23 27 33 34 40 43 50
51 53 57 68 70 76 77 90 91 93 94 101 104
106 110 113 114 117 125 131 132 134 138 146 150 158
159 183 185 189 191 193 201 202 204 211 219 220 222
228 232 233 239 246 247 248 252 256 257 258 261 272
JOWK:4 3 4 6 7 15 29 38 50 51 53 59 62 66
69 72 77 78 86 87 88 93 95 111 116 118 120
125 127 131 132 134 135 143 148 149 151 152 155 163
164 165 167 171 178 184 187 189 190 192 193 201 202
204 210 211 213 219 222 238 242 257 260 264 266 271
DSFP:1 0 8 10 12 13 19 20 23 30 31 45 56 57
58 60 61 65 66 67 71 78 88 106 113 115 116
123 127 128 136 137 138 143 145 148 151 158 159 160
168 169 170 174 188 192 196 201 204 205 208 215 217
220 221 225 227 228 229 239 241 243 246 247 254 259
DSFP:2 8 10 12 13 16 17 19 25 34 35 36 45 64
72 75 79 82 87 89 90 96 98 108 110 116 121
123 125 131 133 135 141 148 151 158 159 161 165 168
174 177 178 184 191 192 197 204 207 212 213 217 218
225 235 236 238 243 247 250 251 256 257 259 265 272
DEMP:1 6 7 9 11 15 22 23 25 27 31 35 50 52
53 57 62 64 72 74 78 79 83 99 112 116 119
124 125 129 130 134 136 140 146 148 149 153 158 161
162 166 168 172 179 193 197 202 203 205 209 213 218
219 221 224 228 231 236 237 240 248 250 254 255 256
DEMP:2 2 5 6 11 24 26 28 29 34 37 39 46 48
49 51 57 64 65 71 78 82 84 85 95 102 103
107 110 112 113 116 127 130 131 133 137 148 151 158
159 163 166 169 171 180 182 187 191 195 198 201 203
210 211 213 217 224 225 228 239 240 241 247 254 272
BBH1:1 4 10 12 14 20 21 27 28 33 34 37 44 52
54 56 62 70 75 77 79 85 88 90 94 99 103
106 110 121 122 123 124 132 135 137 138 145 152 155
158 161 164 166 172 177 180 186 191 195 203 204 207
217 219 221 223 224 231 233 238 241 249 250 251 256
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BBH1:2 15 22 23 28 30 31 32 38 39 43 46 50 52
56 57 60 64 84 91 92 93 94 96 103 104 107
110 115 130 132 138 141 143 146 147 149 150 158 163
167 168 169 175 179 181 185 188 189 192 199 200 201
207 210 224 227 229 233 234 241 242 243 244 245 257
BBH1:3 3 6 8 9 17 22 24 25 32 38 40 46 51
53 62 63 69 72 76 78 90 91 93 94 98 105
107 111 121 122 123 124 131 138 139 143 149 153 156
158 167 168 171 175 179 186 190 191 194 195 204 205
228 229 231 238 246 247 250 253 256 269 270 271 272
BBH2:1 2 4 9 13 16 18 22 23 24 26 30 31 33
35 36 38 50 54 55 59 73 74 78 79 82 85
88 90 94 97 99 101 109 112 119 120 122 135 136
140 142 144 148 156 158 193 196 202 207 210 215 218
223 224 225 228 232 243 250 252 255 257 258 259 260
BBH2:2 0 1 2 5 6 7 9 12 13 14 27 28 29
33 43 57 64 65 66 68 69 73 74 76 77 79
81 82 89 90 97 103 115 116 118 119 122 124 135
155 162 163 169 181 187 190 192 195 208 211 212 215
217 223 230 231 248 257 260 262 264 265 267 270 272
BBH2:3 50 51 54 55 58 59 60 62 68 74 76 79 81
84 87 94 96 98 99 102 105 106 108 109 128 129
131 133 136 137 138 140 160 161 163 166 168 174 175
179 181 183 185 186 187 189 191 193 196 197 198 200
202 203 207 224 225 235 237 240 245 251 254 263 264
BBH2:4 1 3 14 16 17 20 22 24 30 31 33 35 43
53 55 62 64 72 75 82 84 85 86 96 106 111
115 119 120 129 130 133 146 157 159 160 162 172 179
183 188 193 194 197 199 200 205 207 214 215 216 227
236 238 240 245 246 248 251 252 253 260 262 268 271
BBH2:5 4 6 7 10 12 14 15 16 21 22 23 24 25
31 35 36 38 50 55 62 67 73 78 82 84 94
95 99 100 103 106 108 110 111 115 123 125 130 137
143 147 155 157 161 162 165 178 184 189 194 195 206
213 216 221 233 234 239 251 253 254 258 262 266 272
BBH2:6 5 7 9 12 14 23 25 27 28 30 47 48 49
54 60 63 64 69 71 72 74 84 86 89 92 96
100 108 109 110 113 120 121 123 126 128 129 136 140
141 145 169 173 185 197 201 204 205 206 208 213 214
215 221 236 241 244 246 249 255 257 260 268 269 270
JOHN:1 1 4 11 14 16 17 20 21 26 27 30 31 59
80 83 85 86 89 90 92 95 112 115 117 118 121
122 124 127 131 134 137 140 145 148 155 158 161 164
171 174 179 182 185 188 209 211 212 214 217 219 220
222 224 226 229 231 232 234 237 239 259 262 267 269
JOHN:2 1 19 34 48 62 66 69 77 83 85 86 88 89
90 92 97 99 110 112 117 118 121 122 126 127 131
136 140 141 142 145 150 154 158 159 160 162 171 174
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175 178 185 186 188 189 201 204 207 209 211 212 214
216 217 220 224 226 229 230 231 232 237 241 248 253
JOHN:3 1 4 11 14 50 51 54 55 56 57 59 60 61
64 66 69 71 72 74 77 79 97 99 100 102 105
107 108 110 128 131 133 134 137 138 140 143 145 146
148 151 152 155 157 158 192 197 202 207 211 214 217
220 226 231 232 237 241 244 251 254 257 263 264 266
JOHN:4 7 8 9 11 12 19 21 26 27 30 36 39 42
43 47 49 54 56 57 61 63 73 76 81 83 84
86 89 92 96 101 112 117 120 122 125 127 133 134
141 151 154 155 160 164 166 179 180 189 199 200 208
211 214 217 220 223 226 228 231 232 235 237 243 252
JOHN:5 1 3 8 9 13 20 25 26 30 31 32 33 36
42 45 49 51 53 54 55 61 64 67 69 70 74
79 91 94 96 101 113 116 120 123 125 126 132 134
136 138 142 147 152 153 155 159 160 161 162 168 169
181 182 187 189 191 195 198 201 204 209 212 219 222
BBS4:1 6 9 20 27 32 47 50 59 61 65 68 75 77
78 81 84 90 91 94 98 100 103 104 109 114 115
119 120 125 128 129 137 138 142 146 147 152 156 158
160 163 167 168 169 177 181 183 186 187 195 196 201
209 211 219 224 234 237 242 248 250 256 260 271 272
MATH:1 5 7 8 11 15 17 18 21 29 31 32 35 37
40 41 50 51 57 58 63 66 67 69 71 76 86
88 89 93 95 102 124 131 153 160 162 166 167 169
179 184 186 188 189 192 197 198 204 205 214 215 218
220 223 224 226 234 237 238 240 244 247 248 250 267
MATH2: 4 6 8 11 13 17 18 23 28 30 32 35 39
40 41 50 51 57 58 61 66 67 68 70 78 84
88 89 92 94 100 126 129 155 161 163 166 167 171
177 185 187 188 189 194 197 198 204 205 214 215 216
220 223 225 227 232 237 238 242 244 247 249 251 267
MATH:3 2 3 10 12 14 18 21 23 29 30 32 50 51
53 54 56 72 80 90 91 93 94 98 100 102 106
107 117 118 122 125 127 129 131 135 142 143 144 147
152 154 159 173 181 184 187 190 191 197 208 211 214
215 221 230 231 233 235 239 240 242 247 248 251 267
MATH:4 14 21 27 28 29 31 32 35 42 44 45 48 51
55 57 59 67 72 74 76 77 84 86 90 91 93
102 112 117 121 122 126 131 144 149 155 156 159 166
168 169 173 175 177 179 184 190 191 197 198 200 201
207 210 213 214 220 222 235 240 248 249 250 254 267
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